
Supplementary note for generalized cluster structures on SL†
n

Dmitriy Voloshyn and Michael Gekhtman

July 23, 2024

Abstract

This is a supplementary note for the main paper Generalized cluster structures on SL†
n that

contains explicit examples of generalized cluster structures compatible with π†
Γ in type An−1,

as well as a list of some of the instrinsic problems of the theory. This note will be updated over

time.
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1 Summary of the h-convention

In this section, we outline the construction of birational quasi-isomorphism for GC†h(Γ), as well as
the construction of the initial extended cluster. For all the other information, refer to the main

paper [3].

1.1 The maps F , Q and G

Notation. For a generic element U ∈ GLn, the element U⊕ ∈ GLn is an upper triangular matrix

and U− ∈ GLn is a unipotent lower triangular matrix, such that U = U⊕U−.

The map F . Let Γ := (Γ1,Γ2, γ) be a BD triple of type An−1. Define the sequence Fk : GLn 99K
GLn of rational maps via

F0(U) := U, Fk(U) := γ̃∗[Fk−1(U)−]U, k ≥ 1. (1.1)

The birational map F : GLn 99K GLn is defined as the limit

F(U) := lim
k→∞

Fk(U). (1.2)

Since γ is nilpotent, the sequence Fk stabilizes at k = deg γ, so F(U) = Fdeg γ(U). The inverse of

F is given by

F−1(U) := γ̃∗(U−)
−1U. (1.3)

The map F is neither a Poisson map nor a quasi-isomorphism. However, by means of F one can

construct Poisson birational quasi-isomorphisms. For various invariance properties of F , refer to

[3, Section 4.2].

Birational quasi-isomorphisms. Define the birational map Q : GLn 99K GLn via

Q(U) := ρ(U)−1Uρ(U), ρ(U) :=
→∏
i=1

[γ̃∗]i(U−). (1.4)

The inverse of Q is given by

Q−1(U) := Fc(U) := F(U)γ̃∗(F(U)−)
−1. (1.5)

Let π†Γ and π†std be the Poisson bivectors associated with an arbitrary BD triple Γ and Γstd (of type

An−1), respectively. If the r0 parts of π†Γ and π†std are the same, then Q : (GLn, π
†
std) 99K (GLn, π

†
Γ)

is a Poisson isomorphism. Moreover, as a map Q : (GLn,GC†h(Γstd)) 99K (GLn,GC†h(Γ)), it is a

birational quasi-isomorphism, with the marked variables given by

{hi+1,i+1 | i ∈ Γ2}. (1.6)

If Γ̃ ≺ Γ is another BD triple of type An−1, then there is a birational quasi-isomorphism

G : (GLn,GC†h(Γ̃)) 99K (GLn,GC†h(Γ)). If Q̃ is defined as the map Q, but with respect to the BD

triple Γ̃, then G = Q ◦ Q̃. As a map G : (GLn, π
†
Γ̃
) 99K (GLn, π

†
Γ), it is a Poisson isomorphism if

the r0 parts of π†
Γ̃
and π†Γ are the same. The marked variables for G are given by

{hi+1,i+1 | i ∈ Γ2 \ Γ̃2}. (1.7)

For more explicit formulas of G, refer to [3, Section 4.4, Section 4.5].
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1.2 Initial extended cluster

The initial extended cluster comprises three types of functions: c-functions, φ-functions and h-

functions. Only the description of the h-functions depends on the choice of the Belavin-Drinfeld

triple.

Description of φ- and c-functions. For an element U ∈ GLn, let us set

Φkl(U) :=
[
(U0)[n−k+1,n] U [n−l+1,n] (U2){n} · · · (Un−k−l+1){n}

]
, k, l ≥ 1, k + l ≤ n; (1.8)

skl :=

{
(−1)k(l+1) n is even,

(−1)(n−1)/2+k(k−1)/2+l(l−1)/2 n is odd.
(1.9)

Then the φ-functions are given by

φkl(U) := skl detΦkl(U). (1.10)

The c-functions are uniquely defined via

det(I + λU) =
n∑

i=0

λisici(U) (1.11)

where si := (−1)i(n−1) and I is the identity matrix. Note that c0 = I and cn = detU .

Description of the h-functions. Let Π be a set of simple roots of type An−1 and Γ := (Γ1,Γ2, γ)

be a BD triple. We identify Π with the interval [1, n−1]. For a given α0 ∈ Π\Γ2, set αt := γ(αt−1),

t ≥ 1. Recall that the sequence Sγ(α0) := {αt}t≥0 is the γ-string associated to α0; γ-strings

partition Π. For each γ-string Sγ(α0) = {α0, α1, . . . , αm}, for each i ∈ [0,m] and j ∈ [αi+1, n], set

hαi+1,j(U) := (−1)εαi+1,j det[F(U)]
[j,n]
[αi+1,n−j+αi+1]

m∏
t≥i+1

det[F(U)]
[αt+1,n]
[αt+1,n] (1.12)

where εij is defined as

εij := (j − i)(n− i), 1 ≤ i ≤ j ≤ n. (1.13)

We refer to the functions hij , 2 ≤ i ≤ j ≤ n, together with h11(U) := detU as the h-functions.

Frozen variables. In the case of GC†h(Γ,GLn), the frozen variables are given by the set

{c1, c2, . . . , cn−1} ∪ {hi+1,i+1 | i ∈ Π \ Γ2} ∪ {h11}. (1.14)

In the case of GC†h(Γ,SLn), h11(U) = 1, so this variable is absent. The zero loci of the frozen vari-

ables foliate into unions of symplectic leaves of the ambient Poisson variety (GLn, π
†
Γ) or (SLn, π

†
Γ).

Moreover, the frozen h-variables do not vanish on SL†n.

Initial extended cluster. The initial extended cluster Ψ0 of GC†h(Γ,GLn) is given by the set

{hij | 2 ≤ i ≤ j ≤ n} ∪ {φkl | k, l ≥ 1, k + l ≤ n} ∪ {c1, . . . , cn−1} ∪ {h11}. (1.15)

The initial extended cluster of GC†h(Γ,SLn) is obtained from Ψ0 via removing h11.
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A generalized cluster mutation. In the initial extended cluster, only the variable φ11 is

equipped with a nontrivial string, which is given by (1, c1, . . . , cn−1, 1). The generalized muta-

tion relation for φ11 reads

φ11φ
′
11 =

n∑
r=0

crφ
r
21φ

n−r
12 . (1.16)

Other mutations of the initial extended cluster follow the usual pattern from the theory of cluster

algebras of geometric type.

2 Summary of the g-convention

In this section, we outline the construction of birational quasi-isomorphism for GC†g(Γ), as well as
the construction of the initial extended cluster. For all the other information, refer to the main

paper [3].

2.1 The maps Fop, Qop and Gop

Notation. For a generic element U ∈ GLn, the element U+ ∈ GLn is a unipotent upper triangular

matrix and U⊖ ∈ GLn is a lower triangular matrix, such that U = U+U⊖.

The map Fop. Let Γ := (Γ1,Γ2, γ) be a BD triple of type An−1. Define the sequence Fop
k :

GLn 99K GLn of rational maps via

Fop
0 (U) := U, Fop

k (U) := Uγ̃[Fop
k−1(U)+], k ≥ 1. (2.1)

The birational map Fop : GLn 99K GLn is defined as the limit

Fop(U) := lim
k→∞

Fop
k (U). (2.2)

Since γ is nilpotent, the sequence Fop
k stabilizes at k = deg γ, so Fop(U) = Fop

deg γ(U). The inverse

of Fop is given by

(Fop)−1(U) := Uγ̃(U+)
−1. (2.3)

The map Fop is neither a Poisson map nor a quasi-isomorphism. However, by means of Fop one

can construct Poisson birational quasi-isomorphisms in the g-convention. For various invariance

properties of Fop, refer to [3, Section 7.1].

Birational quasi-isomorphisms. Define the birational map Qop : GLn 99K GLn via

Qop(U) := ρop(U)U(ρop(U))−1, ρop(U) :=
←∏
i=1

[γ̃]i(U+). (2.4)

The inverse of Qop is given by the map

(Qop)−1(U) := Fop,c(U) := γ̃(Fop(U)+)
−1Fop(U). (2.5)

Let π†Γ and π†std be the Poisson bivectors associated with an arbitrary BD triple Γ and Γstd (of type

An−1), respectively. If the r0 parts of π
†
Γ and π†std are the same, thenQop : (GLn, π

†
std) 99K (GLn, π

†
Γ)
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is a Poisson isomorphism. Moreover, as a map Qop : (GLn,GC†g(Γstd)) 99K (GLn,GC†g(Γ)), it is a

birational quasi-isomorphism, with the marked variables given by

{gi+1,i+1 | i ∈ Γ1}. (2.6)

If Γ̃ ≺ Γ is another BD triple of type An−1, then there is a birational quasi-isomorphism

Gop : (GLn,GC†h(Γ̃)) 99K (GLn,GC†h(Γ)). If Q̃op is defined as the map Qop, but with respect to

the BD triple Γ̃, then Gop = Qop ◦ Q̃op. As a map Gop : (GLn, π
†
Γ̃
) 99K (GLn, π

†
Γ), it is a Poisson

isomorphism if the r0 parts of π†
Γ̃
and π†Γ are the same. The marked variables for Gop are given by

{gi+1,i+1 | i ∈ Γ1 \ Γ̃1}. (2.7)

Explicit formulas for Gop can be obtained from explicit formulas for G (refer to [3, Section 4.4,

Section 4.5, Section 7.3]).

2.2 Initial extended cluster

The initial extended cluster comprises three types of functions: c-functions, ϕ-functions and g-

functions. Only the description of the g-functions depends on the choice of the Belavin-Drinfeld

triple.

Description of ϕ- and c-functions. For an element U ∈ GLn, let us set

Φ′kl(U) :=
[
(U0)[1,k] U [1,l] (U2){1} · · · (Un−k−l+1){1}

]
, k, l ≥ 1, k + l ≤ n; (2.8)

skl :=

{
(−1)k(l+1) n is even,

(−1)(n−1)/2+k(k−1)/2+l(l−1)/2 n is odd.
(2.9)

Then the ϕ-functions are given by

ϕkl(U) := skl detΦ
′
kl(U) (2.10)

The c-functions are uniquely defined via

det(I + λU) =
n∑

i=0

λisici(U) (2.11)

where si := (−1)i(n−1) and I is the identity matrix. Note that c0 = I and cn = detU (the

c-functions are the same in both g- and h-conventions).

Description of the g-functions. Let Π be a set of simple roots of type An−1 and let Γ :=

(Γ1,Γ2, γ) be a BD triple of type An−1. Let Fop : GLn 99K GLn be the rational map defined

by (2.2). We identify Π with the interval [1, n − 1]. For a given α0 ∈ Π \ Γ1, set αt := γ∗(αt−1),

t ≥ 1. Recall that the sequence Sγ∗
(α0) := {αt}t≥0 is the γ∗-string associated to α0; γ

∗-strings

partition Π. For each α0 ∈ Π \ Γ1 and the associated γ∗-string Sγ∗
(α0) := {αi}mi=0, for every

k ∈ [0,m] and i ∈ [αk + 1, n], define

gi,αk+1(U) := det[Fop(U)]
[αk+1,n−i+αk+1]
[i,n]

m∏
t≥k+1

det[Fop(U)]
[αt+1,n]
[αt+1,n]. (2.12)

We refer to the functions gij , 2 ≤ j ≤ i ≤ n, together with g11(U) := detU as the g-functions.
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Frozen variables. In the case of GC†g(Γ,GLn), the frozen variables are given by the set

{c1, c2, . . . , cn−1} ∪ {gi+1,i+1 | i ∈ Π \ Γ1} ∪ {g11}. (2.13)

In the case of GC†h(Γ,SLn), g11(U) = 1, so this variable is absent. The zero loci of the frozen vari-

ables foliate into unions of symplectic leaves of the ambient Poisson variety (GLn, π
†
Γ) or (SLn, π

†
Γ).

Moreover, the frozen h-variables do not vanish on SL†n.

Initial extended cluster. The initial extended cluster Ψ0 of GC†g(Γ,GLn) is given by the set

{gij | 2 ≤ j ≤ i ≤ n} ∪ {ϕkl | k, l ≥ 1, k + l ≤ n} ∪ {c1, . . . , cn−1} ∪ {g11}. (2.14)

The initial extended cluster of GC†g(Γ, SLn) is obtained from Ψ0 via removing h11.

A generalized cluster mutation. In the initial extended cluster, only the variable ϕ11 is

equipped with a nontrivial string, which is given by (1, c1, . . . , cn−1, 1). The generalized muta-

tion relation for ϕ11 reads

ϕ11ϕ
′
11 =

n∑
r=0

crϕ
r
21ϕ

n−r
12 . (2.15)

Other mutations of the initial extended cluster follow the usual pattern from the theory of cluster

algebras of geometric type.

3 Relation between the h- and g-conventions

In this section, we briefly mention the relation between the g- and the h-conventions. Let Γ :=

(Γ1,Γ2, γ) be an arbitrary BD triple of type An−1.

Variables. The c-variables in both the h- and the g-conventions are the same. For the other

variables in the initial extended clusters, the connection is as follows.

1) For ϕ- and φ-functions, ϕkl(W
−1
0 UW0) = φkl(U) where W0 :=

∑n−1
i=1 (−1)i+1en−i+1,i.

2) For gij and hji from the initial extended clusters of GC†h(Γ) and GC†g(Γop), gij(U) = (−1)εjihji(U
T )

where εji := (n− j)(i− j).

Quivers. The initial quiver Qg(Γ) for the g-convention can be obtained from the initial quiver

Qh(Γ
op) for the h-convention via the following steps:

• Replace each vertex φkl with ϕkl, 2 ≤ k+ l ≤ n, k, l ≥ 1 and each hji with gij , 2 ≤ j ≤ i ≤ n;

• For each gij , 2 ≤ j ≤ i ≤ n, reverse the orientation of the arrows in its neighborhood;

• For the vertices ϕkl with k + l = n and k ≥ 2, add an arrow ϕkl → ϕk−1,l+1;

• Remove the arrow ϕ1,n−1 → g11.

Mutation equivalence. In n = 3, the initial extended cluster of GC†g(Γ,GL3) can be obtained

from the initial extended cluster of GC†h(Γ,GL3) (for any Γ) via a sequence of mutations (see

Section 4.3). We conjecture that there is no such sequence in n ≥ 4.
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Birational quasi-isomorphisms. Define F , Q and G relative the BD triple Γ, and define Fop,

Qop and Gop relative the opposite BD triple Γop. Then F(UT ) = Fop(U)T , Q(UT ) = Qop(U)T ,

G(UT ) = Gop(U)T .

4 Intrinsic problems

4.1 The Poisson structure F∗(π†Γ)

Let Γ := (Γ1,Γ2, γ) be a BD triple of type An−1. Define a rational map C : GLn 99K GLn via

C(U) := U · ρ(U) = U
→∏
k=1

γ̃∗(U−), U ∈ GLn . (4.1)

The map C is in fact birational, with the inverse given by

C−1(U) = U · γ̃∗(U−)−1, U ∈ GLn . (4.2)

Set πF := F∗(π†Γ). Since Fc(U) = F(U)γ̃∗(F(U)−)
−1, the following diagram is commutative:

(GLn, π
†
Γ)

F
��

Fc
// (GLn, π

†
std)

C
xx

(GLn, πF )

(4.3)

Moreover, all the arrows are birational Poisson isomorphisms (provided the r0-parts are the same

for all Poisson bivectors). The Poisson bracket {·, ·}F that corresponds to πF is given by

{f, g}F =⟨R0π0[U,∇Uf ], [U,∇Ug]⟩+ ⟨π0[U,∇Uf ],∇L
Ug⟩+

+⟨π>∇L
Uf,∇L

Ug⟩ − ⟨π>∇R
Uf,∇R

Ug⟩+

+⟨ 1

1− γ
π>∇R

Uf,∇R
Ug⟩ − ⟨∇R

Uf,
1

1− γ
π>∇R

Ug⟩+

+⟨π≤∇L
Uf,AdUγ̃∗(U−)−1

1

1− γ
π>∇R

Ug⟩ − ⟨AdUγ̃∗(U−)−1

1

1− γ
π>∇R

Uf, π≤∇L
Ug⟩.

(4.4)

Recall that F−1 is given by

F−1(U) = γ̃∗(U−)
−1 · U, U ∈ GLn . (4.5)

We find it very intriguing that the maps C−1 and F−1 have very similar formulas. In a sense,

πF sits in between π†std and π†Γ, and it can be twisted into either of the Poisson structures via an

application of (F−1)∗ or (C−1)∗. Is there anything interesting that one can say about πF , as well

as about the induced compatible generalized cluster structure on GLn?

4.2 Are there cluster structures for Fm’s?

Let us fix a BD triple Γ := (Γ1,Γ2, γ) of type An−1 and set

{f, g}+(U) :=⟨π>∇R
Uf,∇R

Ug⟩ − ⟨π>∇L
Uf,∇L

Ug⟩+
+⟨R0π0[∇Uf, U ], [∇Ug, U ]⟩ − ⟨π0[∇Uf, U ],∇L

Ug⟩, U ∈ GLn,
(4.6)
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where ∇R
Uf = U · ∇Uf and ∇L

Uf = ∇Uf · U . Let ĥij(U) := detU
[j,n]
[i,n−j+i]. During a numerical

experimentation1, we noticed that

{log ĥij , log ĥks}†std = {logF∗m(ĥij), logF∗m(ĥks)}+ = {logF∗(ĥij), logF∗(ĥks)}†Γ

for allm ∈ [0, deg γ] (r0 elements are assumed to be the same). A natural question arises: does there

exist a sequence of Poisson varieties2 (Vm, πm) such that πm reduces to {·, ·}+ for the flag minors

of Fm, and such that there is a generalized cluster structure GCm on Vm compatible with πm?

4.3 Are the g- and h-conventions equivalent?

By the equivalence we mean that the initial extended clusters of GC†h(Γ) and GC†g(Γ) can be obtained

from one another via a sequence of mutations (and the variables are equal as elements of O(GLn)).

In [3] we verified that the frozen variables in GC†g(Γ,GLn) coincide with the frozen variables in

GC†h(Γ,GLn) for any BD triple Γ. As for the equivalence, we were able to confirm for n = 3 and

all BD triples Γ that GC†g(Γ,GL3) = GC†h(Γ,GL3). We conjecture that they are not equivalent

for n ≥ 4. Below we provide examples of mutation sequences that transform the initial cluster of

GC†h(Γ,GL3) into the initial cluster of GC†g(Γ,GL3). In each case, we know all such sequences of

minimal length (available upon request). Let us denote by φ′kl and h′ij the variables in the resulting

extended cluster in GC†h(Γ,GL3).

Case Γ1 = Γ2 = ∅. The minimal length is 10, the number of distinct sequences of minimal length

is 8. An example of such a sequence:

φ12 → φ21 → φ11 → h23 → φ12 → h23 → φ11 → φ21 → h23 → φ21. (4.7)

The correspondence between the variables is given by φ′kl(U) = ϕkl(U) and h′ij(U) = gji(U).

Case Γ1 = {2}, Γ2 = {1}. The minimal length is 11 and the number of sequences is 6. An

example of such a sequence:

φ12 → φ21 → φ11 → h22 → h23 → φ12 → h23 → φ11 → φ21 → h23 → φ21. (4.8)

The correspondence between the variables is given by φ′kl(U) = ϕkl(U), h′23(U) = g′32(U), h′22(U) =

g33(U), h33(U) = g22(U).

Case Γ1 = {1}, Γ2 = {2}. The minimal length is 13 and the number of sequences is 30. An

example of such a sequence:

φ12 → h23 → φ12 → φ11 → h23 → φ21 → φ11 → h23 → h33 → φ12 → φ11 → φ21 → φ11. (4.9)

The correspondence between the variables is given by φ′kl(U) = ϕkl(U), h′23(U) = g′32(U), h′33(U) =

g22(U), h22(U) = g33(U).

1We have verified this identity in n = 3, n = 4 and n = 5 for all BD triples.
2Of course, one can set Vm to be the spectrum of the ring generated by the flags of Fm. We are interested in the

largest possible variety Vm ⊆ SLn with the mentioned properties.

8



4.4 How is GC†h(Γ, SL
†
n) related to GC(Γ, D(SLn))?

In the work [1], the initial extended cluster of the generalized cluster structure GC†h(Γstd, SL
†
n)

was obtained from the initial extended cluster of GC(Γstd, D(SLn)) via a sequence of mutations

denoted as S. A natural question arises: if Γ is any aperiodic oriented BD triple of type An−1,

can the initial extended cluster of GC†h(Γ,SL
†
n) be obtained from the initial extended cluster of

GC(Γ, D(SLn)) that was described in [2]? We found such mutation sequences3 in n = 3 and n = 4

for all BD triples. We conjecture that the same holds for n ≥ 5; however, we do not see a relatively

simple way of proving it for an arbitrary n (as one can see below, the mutation sequences become

rather long and unpredictable).

Let us recall that the initial extended cluster of GC(Γ, D(SLn)) comprises 5 types of functions:

the g-functions, the h-functions, the φ-functions, the f -functions and the c-functions. To resolve

the conflict of notation, we will mark the g- and h-functions in GC(Γ, D(SLn)) with a bar. The S
sequence in n = 3 is given by

S := ḡ32 → ḡ22 → ḡ33 → f11 → ḡ32, (4.10)

and in n = 4,

S :=ḡ42 → ḡ32 → ḡ43 → ḡ22 → ḡ33 → ḡ44 → f21 → f11 → f12 →
→ ḡ42 → ḡ32 → ḡ43 → ḡ33 → ḡ42.

(4.11)

Below we list the mutation sequences for n = 3 and n = 4, as well as the correspondence between

the variables. The variables in the resulting extended cluster of GC(Γ, D(SLn)) will be denoted

as ḡ′, h̄′ and f ′. The c- and φ-variables for GC(Γ, D(SLn)) and GC†h(Γ, SL
†
n) are the same. The

correspondence between the coordinates (X,Y ) in D(SLn) and U in SLn is given by

D(SLn) ∋ (X,Y ) 7→ U := X−1Y ∈ SLn .

Note that in the case of D(GLn), the below correspondence between the variables is up to an

additional factor of (detX)ℓ for some ℓ that depends on the given variable.

Case Γ1 = Γ2 = ∅, n = 3. The mutation sequence is given by S. The correspondence is given by

ḡ′32(X,Y ) = h33(U), f ′11(X,Y ) = h22(U), ḡ′22(X,Y ) = h23(U).

Case Γ1 = {2}, Γ2 = {1}, n = 3. The mutation sequence is given by

S → h̄12 → h̄22. (4.12)

The correspondence is given by h̄′22(X,Y ) = h33(U), f ′11(X,Y ) = h22(U), ḡ′22(X,Y ) = h23(U).

Case Γ1 = {1}, Γ2 = {2}, n = 3. The mutation sequence is given by

S → h̄13 → h̄23 → h̄33 → ḡ33 → ḡ22 → h̄13 → h̄23 → h̄33. (4.13)

The correspondence is given by ḡ′33(X,Y ) = h23(U), h̄′33(X,Y ) = h22(U), ḡ′32(X,Y ) = h33(U).

3However, we didn’t verify whether the sequences are of minimal possible length.
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Case Γ1 = Γ2 = ∅, n = 4. The mutation sequence is given by S. The correspondence is

given by ḡ′42(X,Y ) = h44(U), ḡ′32(X,Y ) = h34(U), ḡ′22(X,Y ) = h24(U), ḡ′33(X,Y ) = h33(U),

f ′21(X,Y ) = h23(U), f ′12(X,Y ) = h22(U).

Case Γ1 = {3}, Γ2 = {1}, n = 4. The mutation sequence is given by

S → h̄12 → h̄22. (4.14)

The correspondence is given by h̄′22(X,Y ) = h44(U), ḡ′32(X,Y ) = h34(U), ḡ′22(X,Y ) = h24(U),

ḡ′33(X,Y ) = h33(U), f ′21(X,Y ) = h23(U), f ′12(X,Y ) = h22(U).

Case Γ1 = {3}, Γ2 = {2}, n = 4. The mutation sequence is given by

S → h̄13 → h̄23 → h̄33 → f11. (4.15)

The correspondence is given by f ′11(X,Y ) = h44(U), ḡ′32(X,Y ) = h34(U), ḡ′22(X,Y ) = h24(U),

ḡ′33(X,Y ) = h33(U), f ′21(X,Y ) = h23(U), f ′12(X,Y ) = h22(U).

Case Γ1 = {1}, Γ2 = {3}, n = 4. The mutation sequence is given by

S →h̄14 → h̄24 → h̄34 → h̄44 → ḡ44 → ḡ43 → ḡ22 →
→h̄14 → h̄24 → h̄34 → h̄44 → ḡ44 → ḡ22 → f21 →
→h̄14 → h̄24 → h̄34 → h̄44.

(4.16)

The correspondence is given by ḡ′42(X,Y ) = h44(U), ḡ′32(X,Y ) = h34(U), ḡ′43(X,Y ) = h24(U),

ḡ′33(X,Y ) = h33(U), g′44(X,Y ) = h23(U), h′44(X,Y ) = h22(U).

Case Γ1 = {1}, Γ2 = {2}, n = 4. The mutation sequence is given by

S →h̄13 → h̄23 → h̄33 → f11 → ḡ22 →
→h̄13 → h̄23 → h̄33 → ḡ22 → f21 →
→h̄13 → h̄23.

(4.17)

The correspondence is given by ḡ′42(X,Y ) = h44(U), ḡ′32(X,Y ) = h34(U), f ′11(X,Y ) = h24(U),

ḡ′33(X,Y ) = h33(U), h̄′33(X,Y ) = h23(U), h̄′23(X,Y ) = h22(U).

Case Γ1 = {2}, Γ2 = {3}, n = 4. The mutation sequence is given by

S → h̄14 → h̄24 → h̄34 → h̄44 → ḡ44 → ḡ43 → ḡ32 → h̄14 → h̄24 → h̄34 → h̄44 → ḡ44. (4.18)

The correspondence is given by ḡ′42(X,Y ) = h44(U), ḡ′43(X,Y ) = h34(U), ḡ′22(X,Y ) = h24(U),

ḡ′44(X,Y ) = h33(U), f ′21(X,Y ) = h23(U), f ′12(X,Y ) = h22(U).

Case Γ1 = {2}, Γ2 = {1}, n = 4. The mutation sequence is given by

S → h̄12 → h̄22 → ḡ32 → h̄12. (4.19)

The correspondence is given by ḡ′42(X,Y ) = h44(U), h̄′22(X,Y ) = h34(U), ḡ′22(X,Y ) = h24(U),

h̄′12(X,Y ) = h33(U), f ′21(X,Y ) = h23(U), f ′12(X,Y ) = h22(U).
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Case of Cremmer-Gervais, Γ1 = {2, 3}, Γ2 = {1, 2}, γ(i) = i − 1, i ∈ Γ1. The mutation

sequence is given by

S → h̄12 → h̄22 → h̄13 → h̄23 → h̄33 → ḡ32 → h̄12 → ḡ32 → ḡ33 → f11. (4.20)

The correspondence is given by f ′11(X,Y ) = h44(U), h̄′22(X,Y ) = h34(U), ḡ′22(X,Y ) = h24(U),

h̄′12(X,Y ) = h33(U), f ′21(X,Y ) = h23(U), f ′12(X,Y ) = h22(U).

Case of Cremmer-Gervais, Γ1 = {1, 2}, Γ2 = {2, 3}, γ(i) = i + 1, i ∈ Γ1. The mutation

sequence is given by

S →h̄13 → h̄23 → h̄33 → h̄14 → h̄24 → h̄34 → h̄44 → f11 → ḡ22 → ḡ44 → ḡ43 → ḡ32 →
→h̄13 → h̄23 → h̄33 → h̄14 → h̄24 → h̄34 → h̄44 → ḡ44 → f21 → g32 → g22 → h14 →
→h24 → h13 → h34 → h44 → h23 → g33 → h44 → f11 → h33.

(4.21)

The correspondence is given by ḡ′42(X,Y ) = h44(U), ḡ′43(X,Y ) = h34(U), ḡ′33(X,Y ) = h24(U),

ḡ′44(X,Y ) = h33(U), f ′11(X,Y ) = h23(U), h̄′33(X,Y ) = h22(U).
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5 Examples in n = 3 in the h-convention

5.1 The standard BD triple

The initial quiver is illustrated in Figure 1.

Figure 1. The initial quiver for GC†h(Γstd,GL3).

The initial variables. The variables in the initial extended cluster are given as follows:

c1(U) = tr(U), c2(U) =
1

2!
(tr(U)2 − tr(U2)); (5.1)

φ21(U) = u13, φ12(U) = detU
[2,3]
[1,2] (5.2)

φ11(U) = −det

[
u13 (U2)13
u23 (U2)23

]
= u23 detU

[2,3]
[1,2] + u13 detU

{1,3}
[1,2] ; (5.3)

h23(U) = −u23u33 − u13u32, h22(U) = u33 detU
[2,3]
[2,3] + u32 detU

[2,3]
{1,3}; (5.4)

h11(U) = detU, h33(U) = u33. (5.5)

Some 1-step mutations.

φ′11(U) = det

[
u12 u13

(U2)12 (U2)13

]
= u12 detU

[2,3]
[1,2] + u13 detU

[2,3]
{1,3}. (5.6)
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5.2 Γ1 = {2}, Γ2 = {1}

The initial quiver is illustrated in Figure 2.

Figure 2. The initial quiver for GC†h(Γ,GL3) with Γ1 = {2}, Γ2 = {1}.

The initial variables. All the variables in the initial extended cluster are as in GC†h(Γstd,GL3)

except the variable h33, which is given by

h33(U) = u33 detU
[2,3]
[2,3] + u23 detU

{1,3}
[2,3] . (5.7)

Birational quasi-isomorphisms. The birational quasi-isomorphism

Q : (GL3,GC†h(Γstd)) 99K (GL3,GC†h(Γ))

is given by

Q(U) = (I − α(U)e32)U(I + α(U)e32), α(U) :=
detU

{1,3}
[2,3]

detU
[2,3]
[2,3]

. (5.8)
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5.3 Γ1 = {1}, Γ2 = {2}

The initial quiver is illustrated in Figure 3.

Figure 3. The initial quiver for GC†h(Γ,GL3) with Γ1 = {1}, Γ2 = {2}.

The initial variables. All the variables in the initial extended cluster are as in GC†h(Γstd,GL3)

except the variables h23 and h22; these are given by

h23(U) = −u23u33 − u13u32, h22(U) = u33 detU
[2,3]
[2,3] + u32 detU

{1,3}
[2,3] . (5.9)

Birational quasi-isomorphisms. The birational quasi-isomorphism

Q : (GL3,GC†h(Γstd)) 99K (GL3,GC†h(Γ))

is given by

Q(U) = (I − α(U)e21)U(I + α(U)e21), α(U) :=
u32
u33

. (5.10)
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6 Examples in n = 4 in the h-convention

6.1 The standard BD triple

The initial quiver for GC†h(Γstd,GL4) is illustrated in Figure 4.

Figure 4. The initial quiver for GC†h(Γstd,GL4).

The initial variables. The φ-variables are given by

φ11(U) = −det

u14 (U2)14 (U3)14
u24 (U2)24 (U3)24
u34 (U2)34 (U3)34

 ; (6.1)

φ12(U) = det

u13 u14 (U2)14
u23 u24 (U2)24
u33 u34 (U2)34

 , φ21(U) = det

[
u14 (U2)14
u24 (U2)24

]
; (6.2)

φ31(U) = −u14, φ22(U) = detU
[3,4]
[1,2] , φ13(U) = −detU

[2,4]
[1,3] . (6.3)

The h-variables are given by

h24(U) = u24, h23(U) = detU
[3,4]
[2,3] , h22(U) = detU

[2,4]
[2,4] ; (6.4)

h34(U) = −u34, h33(U) = detU
[3,4]
[3,4] , h44(U) = u44. (6.5)

The c-variables are given by

c1(U) = − trU, c2(U) =
1

2!

(
tr(U)2 − tr(U2)

)
, (6.6)

c3(U) = − 1

3!

(
tr(U)3 − 3 tr(U) tr(U2) + 2 tr(U3)

)
. (6.7)
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List of 1-step mutations. Here’s what one obtains after a 1-step mutation of the initial cluster

in each direction:

φ′12(U) = detU
[3,4]
[1,2] det

[
u14 (U2)14
u34 (U2)34

]
+

[
u14 (U2)14
u24 (U2)24

]
detU

{2,4}
[1,2] ; (6.8)

φ′21(U) = −det

u14 (U2)13 (U2)14
u24 (U2)23 (U2)24
u34 (U2)33 (U2)34

 ; (6.9)

φ′31(U) = −detU
{1}∪[3,4]
[1,3] , φ′31(U) = −u24 detU

[2,4]
[2,4] − u14 detU

{1}∪[3,4]
[2,4] ; (6.10)

φ′22(U) = −u14 detU
{1,4}
[2,3] − u24 detU

{2,4}
[2,3] − u34 detU

[3,4]
[2,3] . (6.11)

h′24(U) = −detU
[3,4]
{1,3}, h′34(U) = −detU

[3,4]
{2,4}; (6.12)

h′23(U) = u14 detU
[2,4]
[2,4] − u24 detU

[2,4]
{1}∪[3,4]. (6.13)
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6.2 Cremmer-Gervais i 7→ i+ 1

The initial quiver for GC†h(Γ,GL4) is illustrated in Figure 5.

Figure 5. The initial quiver for GC†h(Γ,GL4) for Γ1 = {1, 2}, Γ2 = {2, 3}, γ : i 7→ i+ 1.

The initial variables. In the initial extended cluster, all cluster and frozen variables are given

as in GC†h(Γstd,GL4) except for the variables h22, h23, h24, h33, h34. Let us set

ℓ1(U) := detU
[3,4]
[3,4]u44 + detU

[3,4]
{2,4}u43 + detU

[3,4]
{1,4}u42; (6.14)

ℓ2(U) := detU
{2,4}
[3,4] u44 + detU

{2,4}
{2,4}u43 + detU

{2,4}
{1,4}u42; (6.15)

ℓ3(U) := detU
[2,3]
[3,4]u44 + detU

[2,3]
{2,4}u43 + detU

[2,3]
{1,4}u42. (6.16)

Then the h-variables are given by:

h24(U) = u24 · ℓ1(U) + u14ℓ2(U), h34(U) = −u34u44 − u24u43 − u14u42, h44(U) = u44; (6.17)

h23(U) = detU
[3,4]
[2,3] ℓ1(U) + detU

[3,4]
{1,3}ℓ2(U) + detU

[3,4]
[1,2] ℓ3(U), h33(U) = ℓ1(U); (6.18)

h22(U) = detU
[2,4]
[2,4] ℓ1(U) + detU

[2,4]
{1}∪[3,4]ℓ2(U) + detU

[2,4]
[1,2]∪{4}ℓ3(U). (6.19)

Birational quasi-isomorphisms. TBD
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6.3 Cremmer-Gervais i 7→ i− 1

The initial quiver for GC†h(Γ,GL4) is illustrated in Figure 6.

Figure 6. The initial quiver for GC†h(Γ,GL4) for Γ1 = {2, 3}, Γ2 = {1, 2}, γ : i 7→ i− 1.

The initial variables. In the initial extended cluster, all cluster and frozen variables are given

as in GC†h(Γstd,GL4) except for the variables h34, h33, h44. These are given by:

h34(U) = −u34 detU
[2,4]
[2,4] − u24 detU

{1}∪[3,4]
[2,4] ; (6.20)

h33(U) = detU
[3,4]
[3,4] detU

[2,4]
[2,4] + detU

[3,4]
{2,4} detU

{1}∪[3,4]
[2,4] + detU

[3,4]
[2,3] detU

[1,2]∪{4}
[2,4] ; (6.21)

h44(U) =u44

(
detU

[3,4]
[3,4] detU

[2,4]
[2,4] + detU

[3,4]
{2,4} detU

{1}∪[3,4]
[2,4] + detU

[3,4]
[2,3] detU

[1,2]∪{4}
[2,4]

)
+

+u34

(
detU

{2,4}
[3,4] detU

[2,4]
[2,4] + detU

{2,4}
{2,4} detU

{1}∪[3,4]
[2,4] + detU

{2,4}
[2,3] detU

[1,2]∪{4}
[2,4]

)
+

+u24

(
detU

{1,4}
[3,4] detU

[2,4]
[2,4] + detU

{1,4}
{2,4} detU

{1}∪[3,4]
[2,4] + detU

{1,4}
[2,3] detU

[1,2]∪{4}
[2,4]

)
.

(6.22)

Birational quasi-isomorphisms. TBD
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7 Examples in n = 4 in the g-convention

7.1 The standard BD triple

The initial quiver for GC†g(Γstd,GL4) is illustrated in Figure 7.

Figure 7. The initial quiver for GC†g(Γstd,GL4).

The initial variables. The ϕ- and c-variables, as elements of O(GL4), are given by the following

formulas:

ϕ11(U) = det

u21 (U2)21 (U3)21
u31 (U2)31 (U3)31
u41 (U2)41 (U3)41

 , ϕ12(U) = −det

u21 u22 (U2)21
u31 u32 (U2)31
u41 u42 (U2)41

 ; (7.1)

ϕ21(U) = det

[
u31 (U2)31
u41 (U2)41

]
, ϕ31(U) = u41, ϕ22(U) = detU

[1,2]
[3,4] , ϕ13(U) = detU

[1,3]
[2,4] ; (7.2)

c1(U) = − trU, c2(U) =
1

2!

(
tr(U)2 − tr(U2)

)
, (7.3)

c3(U) = − 1

3!

(
tr(U)3 − 3 tr(U) tr(U2) + 2 tr(U3)

)
. (7.4)

The g-variables are given by

g11(U) := detU, gij(U) = detU
[j,n−i+j]
[i,n] , 2 ≤ j ≤ i ≤ n. (7.5)
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7.2 Cremmer-Gervais i 7→ i− 1

The initial quiver for GC†g(Γ,GL4) is illustrated in Figure 8.

Figure 8. The initial quiver for GC†g(Γ,GL4) for Γ1 = {2, 3}, Γ2 = {1, 2}, γ : i 7→ i− 1.

The initial variables. Let us set

ℓ1(U) := detU
[3,4]
[3,4]u44 + detU

{2,4}
[3,4] u34 + detU

{1,4}
[3,4] u24; (7.6)

ℓ2(U) := detU
[3,4]
{2,4}u44 + detU

{2,4}
{2,4}u34 + detU

{1,4}
{2,4}u24; (7.7)

ℓ3(U) := detU
[3,4]
[2,3]u44 + detU

{2,4}
[2,3] u34 + detU

{1,4}
[2,3] u24. (7.8)

The g-variables are given by the following formulas:

g42(U) = u42 · ℓ1(U) + u41ℓ2(U), g43(U) = u43u44 + u42u34 + u41u24, g44(U) = u44; (7.9)

g32(U) = detU
[2,3]
[3,4] ℓ1(U) + detU

{1,3}
[3,4] ℓ2(U) + detU

[1,2]
[3,4] ℓ3(U), g33(U) = ℓ1(U); (7.10)

g22(U) = detU
[2,4]
[2,4] ℓ1(U) + detU

{1}∪[3,4]
[2,4] ℓ2(U) + detU

[1,2]∪{4}
[2,4] ℓ3(U). (7.11)

Birational quasi-isomorphisms. There is a birational quasi-isomorphism

Qop : (GL4,GC†g(Γstd)) 99K (GL4,GC†g(Γ)), Qop(U) := ρop(U)U(ρop(U))−1 (7.12)

where the rational map ρop : GLn 99K GLn is given by

ρop(U) =

(
I +

u34
u44

e12

)
·

I +
detU

[3,4]
{2,4}

detU
[3,4]
[3,4]

e12 +
u24
u44

e13 +
u34
u44

e23

 . (7.13)
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The marked variables for Qop are g33 and g44. Define the BD triples Γ̃ := ({2}, {1}, 2 7→ 1) and

Γ̂ := ({3}, {2}, 3 7→ 2). There is a pair of complementary birational quasi-isomorphisms

G : (GL4,GC†g(Γ̃) 99K (GL4,GC†g(Γ)), G′ : (GL4,GC†g(Γ̂)) 99K (GL4,GC†g(Γ)). (7.14)

They are given by

Gop(U) = Gop(U) · U ·Gop(U)−1, Gop(U) :=

(
I +

u34
u44

e12

)
·
(
I +

u24
u44

e13 +
u34
u44

e23

)
; (7.15)

(Gop)′(U) = G′(U) · U ·G′(U)−1, G′(U) := (I + α1(U)e12 + α2(U)e13), (7.16)

α1(U) =
detU

[3,4]
{2,4}u44 + detU

{2,4}
{2,4}u34

detU
[3,4]
[3,4]u44 + detU

{2,4}
[3,4] u34

, α2(U) = −
detU

[3,4]
[2,3]u44 + detU

{2,4}
[2,3] u34

detU
[3,4]
[3,4]u44 + detU

{2,4}
[3,4] u34

. (7.17)

The marked variable for G is g44, and the marked variable for G′ is g33.
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